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ABSTRACT
We use a two-temperature hydrodynamical formulation to determine the temperature and den-
sitystructuresofthepost-shockaccretionﬂowsinmagneticcataclysmicvariables(mCVs)and
calculatethecorrespondingX-rayspectra.Theeffectsoftwo-temperatureﬂowsaresigniﬁcant
for systems with a massive white dwarf and a strong white-dwarf magnetic ﬁeld. Our calcula-
tions show that two-temperature ﬂows predict harder keV spectra than one-temperature ﬂows
forthesamewhite-dwarfmassandmagneticﬁeld.Thisresultisinsensitivetowhethertheelec-
trons and ions have equal temperature at the shock, but depends on the electron–ion exchange
rate,relativetotherateofradiativelossalongtheﬂow.White-dwarfmassesobtainedbyﬁtting
the X-ray spectra of mCVs using hydrodynamic models including the two-temperature effects
will be lower than those obtained using single-temperature models. The bias is more severe
for systems with a massive white dwarf.
Keyw ords: accretion, accretion discs – hydrodynamics – shock waves – stars: binaries:
close – stars: white dwarfs – X-rays: binaries.
1 INTRODUCTION
Magnetic cataclysmic variables (mCVs) are close binaries contain-
ing a magnetic white-dwarf accreting material from a Roche-lobe
ﬁlling low-mass companion star (see, e.g., Cropper 1990; Warner
1995). The material ﬂow is supersonic when it leaves the inner
Lagrangian point of the binary. It becomes subsonic near the white-
dwarf surface, and a shock is formed, heating up the accreting ma-
terial to temperatures T ≈ 3GMwmH/8kRw ∼ 10–50 keV (where G
is the gravitational constant, k is the Boltzmann constant, mH is the
hydrogen-atomic mass, Mw is the white-dwarf mass and Rw is the
white-dwarf radius). The accreting material in the pre-shock ﬂow is
thereby photoionized. The post-shock ﬂow is cooled by the emis-
sion of bremsstrahlung X-rays and cyclotron optical/infrared (IR)
radiation, as the material settles on to the white-dwarf atmosphere.
The X-ray emission from an mCV depends on the temperature and
density structures of the post-shock region, which in turn depends
on the properties, mainly the temperature, of the accretion shock.
As the shock temperature is determined by the mass and radius of
the accreting white dwarf, we can infer the mass of the white dwarf
from the X-ray spectra (Rothschild et al. 1981; Ishida et al. 1991;
Wu, Chanmugam & Shaviv 1995; Fujimoto & Ishida 1997; Ezuka
& Ishida 1999).
The X-ray spectra of mCVs, in particular the subclass interme-
diate polars (IPs), are well ﬁtted by model spectra generated by the
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Aizu-type shock models (Aizu 1973), such as those in Chevalier
& Imamura (1982), Wu (1994), Wu, Chanmugam & Shaviv (1994)
and Cropper et al. (1999). In these models, the electrons and ions
have the same temperature locally (here termed a one-temperature
model),butthetemperatureanddensitychangealongtheﬂowinthe
post-shock region. It has been noticed that the white-dwarf masses
obtained by the X-ray spectral ﬁts using these models tend to be
systematically larger than those derived from some other methods,
e.g. optical spectroscopy (see Ramsay et al. 1998; Ramsay 2000).
The discrepancies could be due to inaccuracies in these other
determinations. Alternatively, they may arise when the assumed ab-
sorption column density in ﬁtting the X-ray data is uncertain. They
could also be due to the fact that some relevant processes have not
been considered in deriving the temperature and density structures
of the post-shock emission region. In the one-temperature model,
theelectrons(theradiatingparticles)andtheions(themajorenergy–
momentum carriers) are strongly thermally coupled and share the
sametemperatures.Thecouplingismaintainedbyelectron–ioncol-
lisions. However, if the radiative cooling time-scale of the accretion
ﬂow is shorter than the electron–ion collision time-scale, the elec-
trons will lose their energy rapidly while their energy gains via col-
lisionsareunabletokeepupradiativeloss.Thetwochargedspecies
then have unequal temperatures, and the accretion ﬂow becomes a
two-temperatureﬂow(seeWu2000andBeuermann2004forrecent
reviews of accreting shocks in mCVs).
Two-temperatureﬂowsareexpectedtooccurinmCVscontaining
a white dwarf with a very strong magnetic ﬁeld (B  30 MG):
Lamb & Masters (1979, see also Imamura 1981; Imamura et al.
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1987, 1996; Woelk & Beuermann 1996; Saxton & Wu 1999, 2001;
Fischer & Beuermann 2001). Cyclotron cooling is efﬁcient in these
systems, and two-temperature effects are most signiﬁcant in the
down-stream region just beneath the accretion shock. The electron
temperature and density structures of a two-temperature accretion
ﬂow can be very different from those of a one-temperature ﬂow.
Moreover,thethicknessesofthehigh-densityX-rayemittingregion
inthetwoﬂowmodelsareexpectedtodifferaswell.Thus,themass
estimates obtained from a one-temperature post-shock model and a
two-temperature post-shock model could be different.
Here we investigate the X-ray spectral properties of two-
temperatureaccretionﬂowsinmCVs.Weconsiderasemi-analytical
approach, in which the hydrodynamic models are constructed fol-
lowing the prescriptions of Imamura et al. (1987) and Saxton &
Wu (2001). The thermal coupling between the ions and electrons
is parametrized by the Coulomb collision rate. The radiative loss
is due to the emission of bremsstrahlung X-rays, which is opti-
cally thin, and optical/IR cyclotron radiation, which could have
substantial optical depths. The total radiative loss is approximated
by a composite cooling function as in the previous studies of one-
temperature ﬂows by Wu (1994), Wu et al. (1994) and Saxton
(1999). We calculate the temperature and density structures of
the two-temperature post-shock emission regions and generate
the X-ray line and continuum spectra (Section 4) by convolv-
ing the MEKAL optically thin thermal plasmas model (Mewe,
Gronenschild & van den Oord 1985; Kaastra & Mewe 1993) in
the XSPEC package. The results of the two-temperature calculations
are compared with the results of one-temperature calculations (see,
e.g., Cropper, Ramsay & Wu 1998; Tennant et al. 1998; Cropper
et al. 1999).
2 POST-SHOCK ACCRETION FLOW: A
TWO-TEMPERATURE FORMULATION
Our hydrodynamic formulation assumes that the gas in the post-
shock region is completely ionized. The ﬂow is along the magnetic
ﬁeld lines. We omit the gravitational force and the curvature of the
ﬁeld lines. These effects could be important when the thickness of
post-shock region is signiﬁcant in comparison with the white-dwarf
radius (see, e.g., Cropper et al. 1999; Canalle et al. 2005). Thus, the
ﬂow is perpendicular to the white-dwarf surface and is practically
one dimensional. Furthermore, we only consider the stationary sit-


































=− (γ − 1) ei, (4)
where v is the ﬂow velocity, ρ is the density, Pe is the electron
partial pressure, Pi is the ion partial pressure,  ei is the rate of the
electron–ion energy exchange,   is the electron cooling function
and γ is the adiabatic index. The total gas pressure P is the sum of
the electron and ion partial pressures.
We assume an ideal gas law for both the electron and ion gases,
i.e.γ =5/3and P{e,i} =n{e,i} kT{e,i},wherene istheelectronnumber
density, ni is the ion number density, Te is the electron temperature
and Ti is the ion temperature. The rate of energy exchange due to
electron–ion collision is  ei ≈ 3nik(T i − T e)/2t ei, where tei is the







(Spitzer 1962), where me is the electron mass, mi is the ion mass,
c is the speed of light, e is the electron charge, θ e = kTe/mec2,












The composite cooling function   consists of a bremsstrahlung
coolingterm br andacyclotroncoolingterm cy (Wuetal.1994),
i.e.
  ≡  br +  cy
≈  br
 









where   ≡ t br/t cy is the ratio of the bremsstrahlung-cooling time-
scale to the cyclotron-cooling time-scale. (Here and elsewhere,
the subscript s denotes the value evaluated at the shock surface.)
The derivation of the expression of  s is given in Appendix A3. The
explicit form of the bremsstrahlung cooling function is












(Rybicki & Lightman 1979), where h is the Planck constant and gB
is the Gaunt factor.
We note that our calculations depend on the functional form of






determining ω∗ in a given geometrical and hydrodynamic setting.
Here we follow the approach of Wada et al. (1980) and Saxton
(1999),butthetechniquewouldbeimprovedifwecouldconstructa
localcyclotroncoolingfunctionmoreself-consistently,saybyusing
an iterative scheme that calculates the cyclotron emission spectrum
of each stratum and uses it to readjust the local parameters of the
cyclotron cooling function.
We ignore electron conduction, Compton scattering and nuclear
burning in the energy transport. These processes are unimportant in
the accretion ﬂows of mCVs, unless the situation is very extreme,
e.g. the white dwarf is unusually massive (∼1.2–1.4M ) and the
accretionrateisveryhigh( ˙ M > 0.1 ˙ ME,where ˙ ME istheEddington
accretionrate)(Imamuraetal.1987).Wedonotincludelinecooling
inourcalculationof .However,linecoolingmaynotbenegligible
at the very bottom of the post-shock region where the temperature
is low. For systems with low white-dwarf masses, the shock tem-
perature and the post-shock gas temperature are low enough that
the Fe L lines can actually contribute a signiﬁcant fraction of the
total cooling (see Mukai 2003). A fully consistent treatment of line
cooling in the hydrodynamic calculation is non-trivial, and we will
leave this for future studies.
To simplify the hydrodynamic equations, we consider the dimen-
sionless variables ξ ≡ x/x s, τ ≡− v/vff, ζ ≡ ρ/ρa, π i ≡ Pi/ρav2
ff
and π e ≡ Pe/ρav2
ff, where vff = (2GMw/Rw)1/2 is the free-fall
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velocity at the white-dwarf surface, ρa = ˙ m/vff is the density of
the pre-shock ﬂow and ˙ m is the speciﬁc accretion rate. Substituting


































= ˜  ei, (12)
where we deﬁne expressions for the non-dimensional energy ex-
change and cooling functions, ˜  ei = (γ − 1)(xs/ρav3
ff) ei and
˜   = (γ − 1)(xs/ρav3
ff) .
The boundary values for electron and ion pressures (π e,s and
π i,s) are determined by the efﬁciency of the electron–ion coupling
through the shock transition region. Their ratio, σ s ≡ π e,s/π i,s, can
take values between me/mi (the ratio of the electron mass to the ion
mass) and µi/µe (the ratio of the molecular weight of the ions to
thatoftheelectrons),dependingontheassumedcouplingprocesses
(Imamura et al. 1996). The physics of how the electrons couple
with the ions at the shock is not well understood. The value of σ s is
really a dependent property of the pre-shock ﬂow, but its derivation
would require solving a comprehensive model of pre- and post-
shock regions, with explicit radiative transfer and hydrodynamics:
a complex task beyond the scope of the present work. We therefore
treat σ s as a free parameter and consider a few sensible values in
our calculations to see what difference it will make to the density
and temperature structures of the ﬂows and the associated X-ray
spectral properties.
For the other boundary conditions, we assume a strong-shock
condition: at the shock surface (ξ = 1), τ s = 1/4, ζ s = 4 and
for the (unitless) total gas pressure (π 0 ≡ π e + π i)w eh a v e
π 0,s = 3/4. At the bottom of the ﬂow, we consider a ‘stationary
wall’ condition: τ = 0a tthe white-dwarf surface (ξ = 0). We omit
thetransferofenergyfrombeneaththewhite-dwarfatmosphere(see
Wu&Cropper 2001).
3 TEMPERATURE AND DENSITY
STRUCTURES OF THE POST-SHOCK REGION
We integrate the mass continuity and the momentum equations,
yielding
τζ = 1, (13)
π0 = 1 − τ. (14)
Substituting these into the energy equations and eliminating π i,w e













˜   −
γτπ e ˜  
γ(1 − τ) − τ









τ3[1 +  s f (τ,πe)], (17)
˜   = (γ − 1)xsρav
−4
ff X





the constants A and X depend on the composition of the plasma (see












describes the efﬁciency of the secondary cooling process (e.g. cy-
clotron cooling) relative to thermal bremsstrahlung cooling. The
constant χ = (Z +1)/Z depends on the abundance-weighted mean
charge of the ions. We deﬁne a parameter ψ ei = X/Av2
ff to express
the efﬁciency of ion–electron energy exchange compared with the
radiative cooling.
Thevelocity,density,temperatureandpressureproﬁlesoftheions
and electrons in the post-shock ﬂow can be obtained by integrating
equations (15) and (16).
Assuminganeutralbalanceofelectronandionchargeswithinthe
plasma,theone-temperaturecondition,T e =T i,impliesaparticular
ratio of the partial pressures, πe = Zπi.B ysetting γ = 5/3,σ s =
Z (see equation A7 in the appendices) and π e = (1 − τ)/χ in
equation (15), we recover equation (2) in Wu (1994) (with α =
2.0 and β = 3.85) for the one-temperature ﬂows with a power-
law approximation to cyclotron cooling. If we assume the same
expression for  , σ s and π e in equation (16), we will obtain an
equation differing from equation (15) by a factor of 1/χ in the
termsattheleft-handside.Thisisbecausetheassumptionsofcharge
neutralityandequipartitionbetweentheelectronandionenergy(i.e.
πe = Zπi)i nthe entire shock-heated region requires the exchange
term to be determined by the electron cooling rate. An additional
assumptionoftheenergy-exchangeratedependingonthedifference
between the ion and the electron temperatures will inevitably lead
to inconsistency. If we replace the energy-exchange term in equa-
tion (16) by 1/χ of the cooling term, then equations (15) and (16)
are identical for γ = 5/3,σ s = Z and π e = (1 − τ)/χ.
3.1 Quasi-one-temperature ﬂows
When the electron–ion coupling is strong (i.e. the value of ψ ei is
sufﬁciently large), we expect the ﬂow to be quasi-one-temperature.
In Fig. 1 we show the examples of ﬂows that are effectively one-
temperature (with σs = Z and ψ ei = 10) and then how the ﬂows
deviate from the one-temperature limit when we increase the cy-
clotron cooling rate. The cases shown are those of bremsstrahlung-
only cooling ( s = 0), equally efﬁcient bremsstrahlung and cy-
clotroncoolingattheshock( s =1)anddominantcyclotroncooling
throughout much of the post-shock region ( s = 100).
Forﬂ ows with small  s, the electron and ion pressures have the
same proﬁles throughout the post-shock region. The temperatures
of the electrons and ions are indistinguishable and the ﬂows are
one-temperature.When s islarge(i.e.veryefﬁcientcyclotroncool-
ing), the electron and ion pressure have different proﬁles and the
electron temperature deviates from the ion temperature in a small
region near the shock. The ﬂow velocity also deviates from the one-
temperaturemodelneartheshock.However,thetemperaturesofthe
electronsandionseventuallybecomethesamefurtherdownstream,
and the ﬂow is effectively one-temperature in the base region of
the two-temperature cases. Bremsstrahlung X-rays are emitted at
the high-density regions at the bottom, where the ﬂow is practically
one-temperature.WewouldthereforeexpecttheX-raypropertiesto
be similar to those of the corresponding one-temperature cases. The
optical/IR radiation from these ﬂows would be somewhat different
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Figure 1. Stationary structures of accretion shocks with (σs,ψ ei) = (Z,10) and solar metallicity (Z = Z ). The parameter that sets the relative efﬁciency
of cyclotron cooling to bremsstrahlung cooling is  s = 0, 1, 100, from top to bottom. The ﬁrst column shows the ﬂow velocity τ. The second column shows
the electron pressure π e (black) and the ion pressure π i (grey). The third column shows the electron temperature ϑe ≡ τπe (black) and the ion temperature
ϑi ≡ Zτπi (grey).Thefourthcolumnshowsthelocalvaluesofthenormalizedbremsstrahlungcoolingrate(black),thenormalizedcyclotroncoolingrate(grey)
andtheelectron–ionexchangerate(dotted).Theseﬂowsarequasi-one-temperatureandthetwo-temperaturecaseswithsmall s arepracticallyindistinguishable
from the one-temperature ﬂows.
from those of their one-temperature correspondences, as cyclotron
radiation(whichoccursintheoptical/IRwavelengthsandhasasub-
stantial optical depth), is emitted mainly from the hotter, less dense
upper region of the post-shock ﬂow.
3.2 Two-temperature ﬂows
In general, where electron–ion exchange is inefﬁcient compared
with radiative cooling (i.e. small ψ ei), two-temperature effects be-
come signiﬁcant. Two-temperature ﬂows can also occur for mod-
erately large ψ ei,i fthe initial difference between the electron and
ion pressures at the shock is substantial, i.e. small σ s.I nFigs 2–4
we show three examples of the two-temperature ﬂows with various
combinations of the values for the parameters σ s and ψ ei.
For (σs,ψ ei) = (Z,0.2), the collisional energy exchange with the
ions does not keep pace with the radiative loss of the electrons in
the ﬂow. Even though the electrons and ions are set to have equal
temperaturesattheshock,astrongdisequilibrium(T e <T i)prevails
throughout most of the post-shock region. Moreover, while the ions
areshock-heated,theelectrontemperaturedoesnotriseaccordingly
due to efﬁcient radiative cooling and thermal decoupling with the
ions. The difference between the electron and ion temperatures is
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Figure 2. Stationary structures of two-temperature accretion shock. The system parameters are the same as those in Fig. 1 except (σs,ψ ei) = (Z,0.2), i.e. the
electron–ion collisional coupling are weaker.
obvious for all three of the cases (with different  s = 1) that we
consider and so is the difference between their electron and ion
pressure. When cyclotron cooling is weak ( s  1), the velocity
proﬁles of the two-temperature and the one-temperature ﬂows are
indistinguishable, but when cyclotron cooling is sufﬁciently strong
(say  s = 100) the velocity proﬁle deviates substantially from that
of the one-temperature model.
In all cases, the density is high at the base of the post-shock
region and collisional energy exchanges are more efﬁcient than cy-
clotron loss. The collisional exchanges tend to bring the electrons
and ions towards thermal equilibrium here. The bremsstrahlung
X-raysareemittedcopiouslyfromthebaseofthepost-shockﬂow.In
at w o-temperature ﬂow, the electrons and the ions gradually attain
thermal equilibrium near the base because the electron–ion colli-
sion rates increases with density and the ﬂow become practically
one-temperature again. In spite of this, the electron temperature
gradients near the white-dwarf surface differ between the one- and
two-temperature ﬂow models. These differences are, in some cases,
sufﬁcient to affect the line and continuum X-ray spectra (see Sec-
tion 4 and discussions in later sections).
We note that the situation can be more complicated in the regions
neartheshock.Intheprescriptionthatweconsider,theelectron–ion
exchange depends on the difference between the electron and ion
temperatures. Thus, the efﬁciency of the energy exchanges between
the electrons and ions is implicitly determined by the parameter σ s.
Moreover, the cyclotron cooling rate, which depends mainly on the
electron temperature and is most effective in the hot region near
the accretion shock, is also limited by the efﬁciency of electron–
ion exchange and hence σ s. The differences in properties of cy-
clotron emission for the one- and two-temperature ﬂows should be
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Figure 3. Stationary structures of two-temperature accretion shock. The system parameters are the same as those in Figs 1 and 2 except (σ s, ψei) = (0.2, 0.2).
noticeable.WecanclearlyseetheseeffectsinFigs3and4(cf.Figs1
and 2). The difference are more prominent when the radiative cy-
clotron cooling rate at the shock,  s,i slarge.
3.3 Total radiative loss and X-ray luminosity
Inthehydrodynamicformulationthatweconsiderandtheboundary
conditions that we adopt, all the kinetic energy of the accreting gas
willbeliberatedviaemittingbremsstrahlungX-raysandoptical/IR
cyclotron radiation. We now show that our prescription of the cool-
ingfunctionensuresenergyconservationandhenceself-consistency
in the hydrodynamic calculations.
Theenergyconservationrequirementthatthetotalpowerradiated
from the post-shock region equals the kinetic energy of the pre-
shock ﬂow, which is (1/2)ρav2
ff,i fn oenergy is transported across
the white-dwarf surface. We can obtain the total power of radiation
directly by integrating the total cooling function over the whole
post-shock structure. In an explicit representation (with normalized



















Setting γ = 5/3 yields the total power radiated via all processes
L = 1/2, the result expected for exact energy conservation.
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Figure 4. Stationary structures of two-temperature accretion shock. The system parameters are the same as those in Figs 1 and 2 except (σ s, ψei) = (0.2, 1).
and the power of cyclotron radiation is simply
Lcy = L − Lbr. (22)
Values of Lbr and Lcy for different choices of the dimensionless
system parameters are shown in Table 1. Values for representative
choices of white-dwarf mass, magnetic ﬁeld and speciﬁc accretion
rate are given in Table 2.
4 X-RAY SPECTROSCOPY
We nowcalculatetheX-rayspectraoftwo-temperatureﬂowmodels
and compare them with the spectra obtained by the canonical one-
temperature ﬂow models. The question that we intend to answer is:
how different are the spectral properties of two models for a given
setofmCVparameters?Morespeciﬁcally,willthetwo-temperature
ﬂowsproduceharderX-rayspectrathantheone-temperatureﬂows?
We use the hydrodynamic formulation described in the previ-
ous sections to generate the density and temperature structures of
the post-shock emission regions, assuming appropriate mCV sys-
tem parameters. In the spectral calculations we adopt the same
procedures as in Cropper et al. (1999). We divide the post-shock
emission region into a number of strata. The strata are each as-
sumed to have constant density and electron temperature, which
take the corresponding mean values in the stratum. The radiative
processesintheplasmaarecollisional-ionizationdominated(weig-
nore photoionization). Each stratum is assumed to be optically thin
tothekeVX-raylinesandcontinuum(however,seeWu,Cropper&
Ramsay 2001) and we may use the MEKAL optically thin ther-
mal plasma model (Mewe et al. 1985; Kaastra & Mewe 1993) in
XSPEC to calculate the local X-ray spectrum. The total spectrum is
the sum of the contributions from all the strata in the post-shock
region (with the implicit, simpliﬁed assumption that line transfer
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Table 1. The total power of bremsstrahlung radiation Lbr, and cyclotron radiation Lcy (normalized to ρav3
ff/xs, the kinetic energy of
the pre-shock ﬂow) for different (σ s, ψei,  s). In any case with  s = 0, i.e. cyclotron cooling absent, we have Lbr = 0.5 and Lcy = 0
trivially.
σ s ψei  s Lbr Lcy σ s ψei  s Lbr Lcy σ s ψei  s Lbr Lcy
0.2 0.1 0.1 0.459 0.041 0.5 0.1 0.1 0.486 0.014 1.0 0.1 0.1 0.492 0.008
0.2 0.1 1.0 0.346 0.154 0.5 0.1 1.0 0.419 0.081 1.0 0.1 1.0 0.446 0.054
0.2 0.1 10.0 0.216 0.284 0.5 0.1 10.0 0.288 0.212 1.0 0.1 10.0 0.326 0.174
0.2 0.1 100.0 0.123 0.377 0.5 0.1 100.0 0.171 0.329 1.0 0.1 100.0 0.203 0.297
0.2 0.2 0.1 0.451 0.049 0.5 0.2 0.1 0.484 0.016 1.0 0.2 0.1 0.491 0.009
0.2 0.2 1.0 0.330 0.170 0.5 0.2 1.0 0.408 0.092 1.0 0.2 1.0 0.441 0.059
0.2 0.2 10.0 0.202 0.298 0.5 0.2 10.0 0.273 0.227 1.0 0.2 10.0 0.315 0.185
0.2 0.2 100.0 0.114 0.386 0.5 0.2 100.0 0.161 0.339 1.0 0.2 100.0 0.192 0.308
0.2 0.5 0.1 0.443 0.057 0.5 0.5 0.1 0.481 0.019 1.0 0.5 0.1 0.491 0.009
0.2 0.5 1.0 0.316 0.184 0.5 0.5 1.0 0.398 0.102 1.0 0.5 1.0 0.436 0.064
0.2 0.5 10.0 0.190 0.310 0.5 0.5 10.0 0.260 0.240 1.0 0.5 10.0 0.305 0.195
0.2 0.5 100.0 0.108 0.392 0.5 0.5 100.0 0.152 0.348 1.0 0.5 100.0 0.183 0.317
0.2 1.0 0.1 0.440 0.060 0.5 1.0 0.1 0.480 0.020 1.0 1.0 0.1 0.490 0.010
0.2 1.0 1.0 0.309 0.191 0.5 1.0 1.0 0.393 0.107 1.0 1.0 1.0 0.434 0.066
0.2 1.0 10.0 0.185 0.315 0.5 1.0 10.0 0.254 0.246 1.0 1.0 10.0 0.300 0.200
0.2 1.0 100.0 0.104 0.396 0.5 1.0 100.0 0.147 0.353 1.0 1.0 100.0 0.178 0.322
Table 2. Parameters of representative accretion shock models, speciﬁed in terms of white-dwarf mass, magnetic ﬁeld
strength and the election–ion pressure ratio at the shock, σ s.W econsider cases with σs = 0.2,σ s = Z(Te = Ti at the
shock), and a one-temperature model (1T) throughout the ﬂow (Wu 1994). The following columns show corresponding
values of the parameters ψei and  s, the bremsstrahlung and cyclotron luminosities (in units of ˙ mv2
ff/xs), the shock height
xs and the electron temperature at the shock, T e,s. The plasma composition is approximately solar and the mass ﬂux is
set to ˙ m = 1gc m −2 s−1 and the stream has a cross-section of 1015 cm2.
M/M  B/10MG σ s ψei  s Lbr Lcy xs/cm T e,s/keV
0.5 1 0.2 2.83 0.0528 0.461 0.039 2.08 × 107 5.21
0.5 3 0.2 2.83 1.21 0.292 0.208 7.72 × 106 5.21
0.5 5 0.2 2.83 5.18 0.210 0.290 3.74 × 106 5.21
0.5 1 Z 2.83 0.521 0.461 0.039 2.06 × 107 16.4
0.5 3 Z 2.83 11.9 0.291 0.209 7.48 × 106 16.4
0.5 5 Z 2.83 51.2 0.209 0.291 3.54 × 106 16.4
0.5 1 1T 1T 0.521 0.460 0.040 2.05 × 107 16.4
0.5 3 1T 1T 11.9 0.288 0.212 7.20 × 106 16.4
0.5 5 1T 1T 51.2 0.206 0.293 3.28 × 106 16.4
0.7 1 0.2 1.64 0.262 0.389 0.111 3.32 × 107 9.01
0.7 3 0.2 1.64 6.00 0.205 0.294 8.43 × 106 9.01
0.7 5 0.2 1.64 25.7 0.144 0.356 3.99 × 106 9.01
0.7 1 Z 1.64 2.59 0.387 0.113 3.24 × 107 28.3
0.7 3 Z 1.64 59.2 0.204 0.296 7.75 × 106 28.3
0.7 5 Z 1.64 254 0.143 0.357 3.53 × 106 28.3
0.7 1 1T 1T 2.47 0.384 0.115 3.15 × 107 28.3
0.7 3 1T 1T 56.5 0.199 0.301 6.85 × 106 28.3
0.7 5 1T 1T 242 0.139 0.361 2.87 × 106 28.3
1.0 1 0.2 0.808 2.06 0.267 0.233 4.50 × 107 18.3
1.0 3 0.2 0.808 47.3 0.127 0.373 9.96 × 106 18.3
1.0 5 0.2 0.808 203 0.088 0.412 4.84 × 106 18.3
1.0 1 Z 0.808 20.4 0.264 0.236 4.08 × 107 57.4
1.0 3 Z 0.808 467 0.126 0.374 8.16 × 106 57.4
1.0 5 Z 0.808 2002 0.087 0.413 3.77 × 106 57.4
1.0 1 1T 1T 20.4 0.256 0.244 3.58 × 107 57.4
1.0 3 1T 1T 467 0.120 0.380 5.67 × 106 57.4
1.0 5 1T 1T 2002 0.083 0.417 2.26 × 106 57.4
and scattering effects are unimportant, cf. Kuncic, Wu & Cullen
2005).
We consider white-dwarf masses of 0.5, 0.7 and 1.0M , and
magnetic-ﬁeld strengths of 10, 30 and 50 MG. The speciﬁc mass
accretion rate ˙ m is ﬁxed to be 1.0 erg cm−2 s−1. The electron and
ion temperatures are set to be equal at the shock, i.e. σs = Z, and
a solar composition is used in determining Z and in generating the
MEKAL spectra in XSPEC.
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Figure5. ThequotientX-rayspectrainthe0.1–10keVbandforvariousmCVparameters.Eachpanelpresentstheratioofthespectrumoftheone-temperature
ﬂow model to the spectrum of the corresponding two-temperature ﬂow model. In all cases we set σs = Z and assume a solar metallicity. The speciﬁc mass
accretion rate is ﬁxed to be 1.0 g cm−2 s−1. The white-dwarf masses are 0.5, 0.7 and 1.0M  (from the top to the bottom row). The white-dwarf magnetic ﬁelds
are 10, 30 and 50 MG (from the left-hand to the right-hand column). In all cases, the two-temperature ﬂow predicts a harder spectrum than the one-temperature
ﬂow. The hardness is more severe when the white-dwarf mass and magnetic ﬁeld increase.
Given the complexity of the lines and the power-law-like contin-
uum, the spectra of the two-temperature ﬂows are not always easy
to distinguish visually from those of the one-temperature ﬂows,
We therefore consider the quotient spectra, which are the ratios of
the spectra of the one-temperature ﬂows to the spectra of the two-
temperature ﬂows.
Fig. 5 shows the quotient spectra (in the 0.1–10.0 keV band) for
various combinations of system parameters. These spectra demon-
stratethatthecompetitionbetweentheradiativecoolingoftheelec-
trons and the electron–ion energy exchange affects the post-shock
structure enough to inﬂuence the spectral properties, and the effects
are quite signiﬁcant in some cases. Generally, the one-temperature
model predicts a softer X-ray spectrum for a given white-dwarf
mass. It also produces stronger emission lines, especially the Fe
L lines. These effects are more signiﬁcant for greater white-dwarf
masses.
The softer X-ray emission of a one-temperature ﬂow could be
due to the fact that the one-temperature ﬂow tends to have a steep
velocitygradientinthemid-sectionofthepost-shockregion,leading
to a rapid increase in the electron and ion densities. As the X-ray
emissivities are proportional to the square of matter density (for
neutral plasmas), this increases the relative contribution of the base
region to the total the emission. The more realistic two-temperature
model predicts a more gentle velocity gradient and hence density
gradient, and substantial X-ray lines and continuum are therefore
emittedinthehotterstrataofthepost-shockregion.Whencompared
with a two-temperature ﬂow, the effective temperature of a one-
temperature ﬂow is biased toward the cooler temperatures and, as
a consequence, a softer spectrum results. The excess of the Fe L
lines in the one-temperature ﬂow can also be explained in the same
manner.
These differences imply that if we ﬁt the observed spec-
trum of an mCV to both models assuming the same magnetic
ﬁeld and speciﬁc mass accretion rate, then the one-temperature
model (Cropper et al. 1999) will give a higher white-dwarf mass
than the two-temperature model. Thus, using the one-temperature
model will overestimate the white-dwarf mass, and the bias is
more severe for systems with a strongly magnetized, massive
white dwarf. (We defer the estimation of the masses of observed
systems for future work; at some level of detail the results may
be sensitive to the power-law approximation for cyclotron cooling,
Section 2.)
Now an important question is: how robust are the results, given
that we have assumed a speciﬁc σ s? While the value ψ ei is de-
termined by Z and Mw (see Appendix A2), we treat σ s as a free
parameter. We carry out calculations for two-temperature models
with σ s = 0.2 and ﬁnd that they produce spectra that differ by less
than 2 per cent from those where σs = Z (see Fig. 6).
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Figure 6. The quotient X-ray spectra in the 0.1–10 keV band: the ratio of the two-temperature models with σ s = 0.2 to that of σs = Z. The mCV parameters
are equivalent to those in Fig. 5. Only the hard part of the spectrum is affected appreciably, with the case of σ s = 0.2 yielding harder results. The difference at
10 keV is at a level of less than 2 per cent for the case with greatest white-dwarf mass and magnetic ﬁeld intensity.
This result can be understood as follows: although σ s can force
the electrons and ions to have unequal temperatures at the shock,
it has weak effects on the ﬂow in the base region. This can be
seenbycomparingthestructureproﬁlesinthecorrespondingpanels
of Figs 2 and 3, which represent models that differ only in their
values of σ s. The density and temperature proﬁles approach the
same values, with nearly the same spatial gradients, near the white-
dwarf surface. Thus, the ﬂow structure at the base is insensitive to
the electron–ion pressure ratio at the shock. As the majority of the
X-raylinesandcontinuumoriginatefromthebottomregionnearthe
white-dwarfsurface,theX-raypropertiesofthetwocasesshouldbe
very similar. Although we cannot use the observed X-ray spectrum
to infer the value of σ s at the shock, we can be certain that the
mass estimate depends on the effective shock temperature and is
less affected by the choice of σ s in the spectral modelling.
InspectionofFig.5revealsa‘downward’spikeneartheenergyof
Fe Kα lines, which we identify as the emission from the H-like
ions.Thisimpliesthatthetwo-temperatureandtheone-temperature
ﬂows predict very different ratios of the H-like (6.97 keV), He-like
(6.7 keV) and neutral Fe Kα (6.4 keV) lines. The H-like Fe Kα
line is weaker for the two-temperature ﬂows than for the corre-
sponding one-temperature ﬂows, in the systems with a strongly
magnetized white dwarf. This effect is stronger for more massive
white dwarfs. The emission of H-like Fe Kα line requires a high
plasma temperature (∼10 keV). The H-like Fe Kα lines is expected
to originate from regions closer to the shock, which have higher
temperatures than the region that produces the He-like and neutral
FeKα lines(see,e.g.,Wuetal.2001).Thus,theH-likelinedoesnot
share the characteristics of the lower ionized Fe lines. Nor, for the
same reasons, does it share the characteristics of lines of the lighter
metals, such as Si, S, Ar and O in the keV spectrum. Moreover, as
the emission region of the Fe Kα line is relatively near to the shock
(where the difference between the electron and ion temperatures is
greatest), the properties of the lines are sensitive to the assumed
value of σ s in the model (see Fig. 6).
5 CONCLUSIONS
We have presented a two-temperature hydrodynamical formulation
for accretion ﬂows in mCVs and used it to calculate the tempera-
ture and density structures of the post-shock emission region. Two-
temperature effects are signiﬁcant when the radiative loss is very
efﬁcient such that electrons cannot acquire energy fast enough from
the ions via collisions. We expect two-temperature ﬂows to occur
in systems in which the white dwarf is massive and has a strong
magnetic ﬁeld. The magnetic ﬁeld has less inﬂuence on the two-
temperature effects if the white-dwarf mass is small, but a relatively
large effect for more massive white dwarfs. (For example, contrast
the ﬂow structures in Figs 1 and 2; or in Fig. 5 consider the greater
sensitivity of the spectra in the bottom row where M = 1.0M .)
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In high-mass, strong-ﬁeld systems, cyclotron cooling is more
efﬁcientthanbremsstrahlungcooling.Inallcases,theﬂowseventu-
allybecomeone-temperaturenearthebaseofthepost-shockregion,
where most of the X-rays are emitted.
In spite of this, two-temperature and one-temperature ﬂows have
distinguishable X-ray properties because of the differences in the
density and temperature gradients between the two ﬂows. Our cal-
culations show that the X-ray spectra of one-temperature ﬂows are
softerthanthetwo-temperatureﬂows,ifweassumethesamesystem
parameters, such as white-dwarf mass, magnetic ﬁeld and speciﬁc
massaccretionrate.Thisresultisinsensitivetotheinitialdifference
betweentheelectronandiontemperaturesattheshock.White-dwarf
masses of mCVs obtained by ﬁtting the X-ray spectra using a one-
temperature ﬂow model will lead to overestimates, especially for
the systems with high white-dwarf masses and magnetic ﬁelds.
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APPENDIX: SYSTEM PARAMETERS
A1 Hydrodynamic variables
The gas is composed of electrons with mass me plus species of ions
with masses mi and charges Zi.I fthe ionic species have fractional
abundances f i by particle number then the weighted mean ionic
mass, charge and squared charge are m ≡
 







ionized, purely hydrogen plasma these constants are m = mp, Z =
1 and Z2 = 1.





















ensuring a balance of electric charge, ne =
 
i niZi.
Foratwo-temperature shock, the electron and ion pressures are


























At the shock surface we deﬁne a parameter for the ratio of electron
and ion partial pressures, σs ≡ Pe,s/
 
i Pi,s, with summation over
ionspeciesi.Forastrongshock,thetotalpost-shockpressureequals
P = Pe +
 
i Pi = (3/4)ρav2
ff.A sthe partial pressures are Pe =
nekTe and Pi = nikTi, the temperatures of electrons and ions are
























The upstream pre-shock velocity is assumed to be the free-fall
velocity at the white-dwarf surface. We use the white-dwarf mass–
radius relation of Nauenberg (1972). The mass ﬂux of the accretion
column ˙ m givesthepre-shockdensityρa = ˙ m/vff.Theshockheight
xs is calculated by equating the bremsstrahlung cooling function at
theshockwiththerealisticbremsstrahlungluminosity(involvingρa
and vff) and substituting the numerically determined normalization
constant ψ c.
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A2 Electron–ion exchange efﬁciency ψei
When (A1)–(A4) are substituted into equation (6) and the  ei func-
tions are summed over ion species i then it can be shown that the
total electron–ion energy exchange is
  = Xρ
5/2P
−3/2
e (P − χPe), (A8)











 5/2  
meZ2/m
 









in c.g.s. units. Equivalent substitutions in equation (8) and sum-
mation over ion species i leads to the total bremsstrahlung cooling
function




























sures (Pe = P/2), the bremsstrahlung cooling rate is  br ≈ 3.97 ×
1016 ergcm−3 s−1(ρ/gcm −3)3/2(P/dyncm−2)1/2.F or solar plasma
composition (i.e. Z = Z ), we have Z − 1 = 0.09987, Z2 =
1.391, Z2/m = 6.007 × 1023 g−1,m/me = 2366. It follows that
A = 6.99 × 1016 and X = 2.70 × 1034 in c.g.s. units. Thus the gen-
eral effect of increasing metallicity is to increase the efﬁciency of
bremsstrahlung cooling, which reduces the shock height if all else
is equal.
The unitless form of the energy exchange function is




  = (γ − 1)ψcψei





and the equivalent unitless function for the bremsstrahlung cooling
is








Thedimensionlessparametersψ c andψ ei (deﬁnedinImamuraetal.
1996) are constants of each accreting white-dwarf system in its par-
ticularaccretionstate.Theirvaluesare,intermsofthecharacteristics















of the accreting gas. The model parameter ψ ei roughly describes
the rate of electron–ion energy exchange compared with the rate of














Figure A1. Electron–ion exchange efﬁciency parameter ψei versus white-
dwarf mass. We assume approximately solar abundances. This parameter is
independent of the magnetic ﬁeld strength and σ s.
where v8 = vff/108 cms−1.F or accreting magnetic white dwarfs
lnC ≈ 15 typically, and we take the Gaunt factor as gB ≈ 1.25. The
factorsthatdependongascompositiontendtolowerthevalueofψ ei
for accretion ﬂows of higher metallicity. Solar abundances imply a
value of ψ ei roughly 32 per cent smaller than for pure hydrogen.
Using our assumption of solar abundances, the free-fall velocity
must be greater than vff > 6.21 × 108 cm s−1 in order to make
ψ ei < 1, i.e. radiative cooling comparable to, or more efﬁcient than
the exchange of thermal energy between electrons and ions. For
white dwarfs with masses 0.9M , the values of ψ ei are below
1, and become as low as 0.3 for very massive white dwarfs with
vff = 1.13 × 109 cm s−1.T oobtain an extreme value of ψ ei = 0.1,
a free-fall velocity of vff = 1.96 × 109 cm s−1 is required. In this
paper we consider values of orders ψ ei ∼ 0.1–10, as calculated in
Fig. A1, using the white-dwarf mass–radius relation of Nauenberg
(1972) and mean molecular weight µw = 2.00. In Imamura et al.
(1996), values of ψ ei ranging from 0.01 to 1.0 were, however, used.
We note that for white dwarfs in mCVs, values of ψ ei much greater
than 0.01 are necessary.
A3 Cyclotron cooling efﬁciency  s
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It is useful to compare the cooling time-scales to express the local
efﬁciencyofcyclotroncoolingwithrespecttobremsstrahlungcool-
ing. The ratio of time-scales at any given position in the post-shock








This leads to the construction of  s, the relative efﬁciency of
the cyclotron cooling as evaluated at the shock surface, which is
an important dimensionless physical parameter used for the de-
scription and analysis of cooling accretion ﬂows in which both
bremsstrahlung and cyclotron processes are present. Assuming
that the cross-section of the ﬂow is circular,  s is obtained in re-
alistic terms by substituting appropriate system parameters and
shock conditions into the equations for the   cooling functions
and (A20).
In general, the efﬁciency of cyclotron cooling relative to
bremsstrahlungcooling,intermsofelectrontemperaturesandnum-
ber densities, is











Since a circle is the two-dimensional geometric shape with the min-
imum ratio of perimeter to internal area, the above expression for
  is actually a lower limit. For more realistic cross-sections, the
numerical factor 0.0762 would become larger.
By substituting expressions relating ne16 and temperature (A6) to
the pre-shock density ρa and free-fall velocity vff, the efﬁciency  s
can be re-expressed in terms of the properties of the white-dwarf
Figure A2. Cyclotron efﬁciency parameter  s as a function of white-dwarf
mass, given for ﬁve choices of magnetic ﬁeld strength. Here we set the
ratio of pressures at the shock as σs = Z; the mass accretion rate is ˙ m =
1gcm−2 s−1; the pole area is a = 1.0 × 1015 cm2. The ﬂow cross-section is
assumed to be circular, and the composition is solar.
Figure A3. Same as in Fig. A2, but with σ s = 0.2.
accretion ﬂow. In the general case with multiple species of ions
 s =















where ρa−8 ≡ ρa/10−8 gc m −3 and v8 ≡ vff/108 cm s−1. This ex-
pression is slightly different from the cyclotron/bremsstrahlung ef-
ﬁciency ratio given in Langer, Chanmugam & Shaviv (1982) where
the emission region is semi-inﬁnite but without a speciﬁc geometry.
Assuming a circular ﬂow cross-section and parameters appropri-
ate for accretion shocks in AM Herculis systems, with a15 = 1




The geometry of the accretion stream could be important as opti-
cally thick cyclotron cooling depends on the emitting surface area.
Under our approximation, equation (A21), the efﬁciency param-
eter  s is proportional to the ratio of perimeter to cross-sectional
area.
A circular cross-section for the accretion column gives the min-
imum value of  s. All else being equal, ﬂows with cross-sections
departing from a circle cannot have lower values of  s than those
given by (A22). The greater the non-circularity, the greater  s
must be. There is observational evidence that in AM Herculis-
type systems (polars) the cross-section of the accretion column
near the white-dwarf surface is a banana-like arc (Cropper 1985;
Wickramasinghe&Ferrario1988;Potter,Hakala&Cropper1998).
This geometry ought to give an  s value several times higher.
Whether the real banana-shaped cross-sections have more crenu-
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lated or convoluted edges at ﬁner spatial scales is unknown. If they
do, then the equivalent  s values may be considerably greater than
the lower limit of the circular approximation. Because of the ef-
fect of the surface area to volume ratio in a system radiating via
an optically thick process, real effective values of  s may be less
sensitive to the magnitude of the polar magnetic ﬁeld than to other
inﬂuences determining the ﬂow structure, e.g. the geometric rela-
tionship between the magnetosphere and the companion star, and
the condition of the ﬂow where it threads on to the magnetic ﬁeld. If
ﬂow geometries are sufﬁciently diverse among mCV systems then
there may exist some strong-ﬁeld systems that have lower  s rather
thanweaker-ﬁeldsystemsthathavemorecircularﬂowsections.The
magnetic ﬁeld strength is measurable, implying a lower limit on  s
in each system, but unfortunately the value of  s is not a directly
observable quantity.
This paper has been typeset from a TEX/L ATEX ﬁle prepared by the author.
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